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point, antipodal, so to speak, to the original point, the existence of such an antipodal point has sometimes been regarded as a necessary consequence of the assumption of a constant positive curvature. The projective theory of non-Euclidean space shows immediately that the existence of an antipodal point, though compatible with the nature of an elliptic space, is not necessary, but that two geodesic lines in such a space may intersect in one point if at all*
I call attention to these details in order to show that there is some advantage in adopting the second of the three points of view characterized above, although the third is at least equally important. Indeed, our ideas of space come to us through the senses of vision and motion, the "optical properties" of space forming one source, while the "mechanical properties" form another; the former corresponds in a general way to the projective properties, the latter to those discussed by Helmholtz.
As mentioned before, from the point of view of projective geometry, von Staudt's system should be adopted as the basis. It might be argued that von Staudt practically assumes the axiom of parallels (in postulating a one-to-one correspondence between a pencil of lines and a row of points). But I have shown in the Math. Annalen^ how this apparent difficulty can be overcome by restricting all constructions of von Staudt to a limited portion of space.
I now proceed to give an account of the most recent re-, searches in non-Euclidean geometry made by Lie and myself. Lie published a brief paper on the subject in the Berichte of the Saxon Academy (1886), and a more extensive exposition of his views in the same Berichte for 1890 and  1891.    These
* This theory has also been developed by Newcomb, in the Journal fur reint und angewandte Mathematik, Vol. 83 (1877), pp. 293-299.
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